Oceanic waves registered by satellite observations often have curvilinear fronts and propagate over various currents. In this paper, we study long linear and weaklynonlinear ring waves in a stratified fluid in the presence of a depth-dependent horizontal shear flow. It is shown that despite the clashing geometries of the waves and the shear flow, there exists a linear modal decomposition (different from the known decomposition in Cartesian geometry), which can be used to describe distortion of the wavefronts of surface and internal waves, and systematically derive a 2+1 -dimensional cylindrical Korteweg -de Vries -type equation for the amplitudes of the waves. The general theory is applied to the case of the waves in a two-layer fluid with a piecewise -constant shear flow, with an emphasis on the effect of the shear flow on the geometry of the wavefronts. The distortion of the wavefronts is described by the singular solution (envelope of the general solution) of the nonlinear first-order differential equation, constituting generalisation of the dispersion relation in this curvilinear geometry. There exists a striking difference in the shape of the wavefronts of surface and interfacial waves propagating over the same shear flow.
Introduction
The Korteweg-de Vries (KdV) equation and its generalisations are successfully used to describe long weakly-nonlinear internal waves that are commonly observed in the oceans (Benjamin 1962; Benney 1966; Maslowe & Redekopp 1980; Grimshaw 2001; Helfrich & Melville 2006; Grimshaw et al. 1997 Grimshaw et al. , 1998 Grue 2006) , as well as describing weakly-nonlinear shallow-water surface waves (Boussinesq 1871; Korteweg & de Vries 1895; Ablowitz & Baldwin 2012; Chakravarty & Kodama 2014) . The waves described by these models have plane or nearly-plane fronts. However, waves registered by satellite observations often have curvilinear fronts, motivating the present study. In natural oceanic environments these waves often propagate over currents, for example, tides, wind-drift currents, river flows etc. Thus, we aim to develop an asymptotic theory which could be used to model long ring waves in a stratified fluid over a shear flow.
The cylindrical (or concentric) Korteweg -de Vries (cKdV) equation is a universal weakly -nonlinear weakly -dispersive wave equation in cylindrical geometry. Originally derived in the context of ion-acoustic waves in plasma (Maxon & Viecelli 1974) , it was later derived for the surface waves in a uniform fluid, first from Boussinesq equations (Miles 1978) , and then from the full Euler equations (Johnson 1980) . Versions of the equation were also derived for internal waves in a stratified fluid without shear flow (Lipovskii 1985) , and surface waves in a uniform fluid with a shear flow (Johnson 1990) . The original equation is integrable (Druma 1983) , and there exists a useful map between cKdV and KP equations (Johnson 1980 (Johnson , 1997 Klein et al. 2007) , while a generic shear flow leads to a nonintegrable cKdV-type equation.
In this paper, we study the propagation of internal and surface ring waves in a stratified fluid over a prescribed shear flow, generalising the previous studies. The paper is organised as follows. In section 2 we derive a 2+1 -dimensional cKdV-type model for the amplitudes of surface and internal waves, by finding an appropriate linear modal decomposition (different from the known modal decomposition in Cartesian coordinates) and techniques from the asymptotic multiple-scales analysis. The detailed structure of the wavefronts is analysed analytically, for the case of a two-layer model with a piecewise-constant shear flow, in section 3. We also obtain conditions guaranteeing that there are no critical levels, and calculate explicit expressions for the coefficients of the derived amplitude equation. Some conclusions are drawn in section 4.
Problem formulation and amplitude equation
We consider a ring wave propagating in an inviscid incompressible fluid, described by the full set of Euler equations: ρ(u t + uu x + vu y + wu z ) + p x = 0, (2.1) ρ(v t + uv x + vv y + wv z ) + p y = 0, (2.2) ρ(w t + uw x + vw y + ww z ) + p z + ρg = 0, (2.3) ρ t + uρ x + vρ y + wρ z = 0, (2.4) u x + v y + w z = 0, (2.5) with the free surface and rigid bottom boundary conditions appropriate for the oceanic conditions: w = h t + uh x + vh y at z = h(x, y, t), (2.6) p = p a at z = h(x, y, t), (2.7) w = 0 at z = 0.
(2.8)
Here, u, v, w are the velocity components in x, y, z directions respectively, p is the pressure, ρ is the density, g is the gravitational acceleration, z = h(x, y, t) is the free surface depth (with z = 0 at the bottom), and p a is the constant atmospheric pressure at the surface. We assume that in the basic state
Here u 0 (z) is a horizontal shear flow in the x-direction, and ρ 0 = ρ 0 (z) is a stable background density stratification (see Figure 1) . It is convenient to use the vertical particle displacement ζ as an additional dependent variable, which is defined by the equation 9) and satisfies the obvious surface boundary condition
where h 0 is the unperturbed depth of the fluid. We aim to derive an amplitude equation for the amplitudes of the long surface and internal waves. Thus, we use the following non-dimensional variables:
Here, λ is the wave length, a is the wave amplitude, c * is the typical long-wave speed of surface or internal waves ( gh 0 or h * N * , respectively, where N * is a typical value of the buoyancy frequency, and h * is a typical depth of the stratified layer), ρ * is the dimensional reference density of the fluid, while ρ 0 (z) is the non-dimensional function describing stratification in the basic state, and η = η(x, y, t) is the non-dimensional free surface elevation. In both cases non-dimensionalisation leads to the appearance of the same small parameters in the problem, the amplitude parameter ε = a/h 0 and the wavelength parameter δ = h 0 /λ. In the second case, a third small (Boussinesq) parameter will appear as well, but the Boussinesq approximation is not used in the subsequent derivation. Thus, it is natural to non-dimensionalise the general problem formulation, including both surface and internal waves, using the parameters of the faster surface waves, and measure the speeds of the internal waves as fractions of the surface wave speed, etc. However, if one is primarily interested in the study of internal waves, it is more natural to use the typical speed of the internal waves.
Introducing the cylindrical coordinate system moving at a constant speed c (a natural choice is the flow speed at the bottom, as we will show later), considering deviations from the basic state (the same notations u and v have been used for the projections of the deviations of the speed on the new coordinate axis), and scaling the appropriate variables using the amplitude parameter ε,
we arrive at the following non-dimensional problem formulation in the moving cylindrical coordinate frame:
(2.13)
14)
17) 18) with the vertical particle displacement satisfying the following equation and boundary condition:
For the sake of simplicity, in the subsequent derivation we impose the condition δ 2 = ε, although this is not the necessary condition. Indeed, variables can be scaled further to replace δ 2 with ε in the equations (Johnson 1997) . We look for a solution of this problem formulation in the form of asymptotic multiple -scales expansions of the form ζ = ζ 1 + εζ 2 + . . . , and similar expansions for other variables, where 21) with the following set of fast and slow variables: 22) where s is the wave speed in the absence of a shear flow, and the function k(θ), describing the distortion of the wavefront in the presence of a shear flow, is to be determined. To leading order, the wavefront at any fixed moment of time t is described by the equation
We anticipate that the solution of the linearised problem allows for a modal decomposition, similar to the well-known result in the Cartesian geometry, but expect that it has a more complicated structure for the ring waves on a shear flow because of the loss of the radial symmetry in the problem formulation (the shear flow is horizontal).
To leading order, assuming that perturbations of the basic state are caused only by the propagating wave, we obtain
24)
25)
26)
where the function φ(z, θ) satisfies the following modal equations: 31) and F = −s + (u 0 − c)(k cos θ − k sin θ), where we now have fixed the speed of the moving coordinate frame c to be equal to the speed of the shear flow at the bottom, c = u 0 (0) (then, F = −s 0 at z = 0, and the condition Fφ = 0 at z = 0 implies (2.31)). The values of the wave speed s in the absence of the shear flow, and the pair of functions φ(z, θ) and k(θ) constitute solution of the modal equations (2.29) -(2.31). Note that the wave speed s and the function k(θ) will be determined from some analogue of the 'dispersion relation', and examples will be discussed in the subsequent section.
At O(ε) we obtain the following set of equations:
36) 37) and boundary conditions:
(2.41) Equation (2.37) yields
Next, we find u 2ξ from (2.32) and v 2ξ from (2.33) and substitute them into (2.36), obtaining the following equation:
On the other hand, finding ρ 2 from (2.34) and substituting it into (2.35) we get
Equating the expressions for p 2zξ from the equations (2.43) and (2.44), using (2.42) to exclude w 2 and substituting the leading order solution (2.21), (2.23) -(2.28), we obtain the equation for ζ 2 in the form
where
Next, substituting (2.42) into the boundary condition (2.38) and recalling that φ| z=0 = 0, we obtain Fζ 2ξ = 0 at z = 0, implying that
since F = −s at z = 0 by our choice of the constant c. The boundary condition (2.41) implies
Substituting (2.47) into (2.39) we get
The boundary condition (2.40) is the differential consequence of (2.47). Differentiating (2.48) with respect to ξ, using (2.43) to eliminate p 2ξ , and using (2.40) to exclude w 2 (all at z = 1), we obtain
Thus, we obtained the non-homogeneous equation (2.45) for the function ζ 2ξ with the boundary conditions (2.46), (2.49). The compatibility condition
yields the 2+1-dimensional evolution equation for the slowly varying amplitude of the ring wave in the form 50) where the coefficients are given in terms of the solutions of the modal equations (2.29) -(2.31) by the following formulae:
51)
52)
53)
Let us consider a reduction to the case of surface ring waves in a homogeneous fluid, considered by Johnson (Johnson 1980 (Johnson , 1990 . Here, ρ 0 is a constant and we normalise φ by setting φ = 1 at z = 1. In this case, the wave speed s in the absence of a shear flow, function k(θ) and the modal function φ can be easily found from the modal equations (2.29) -(2.31). Indeed, the modal function φ is given by
When there is no shear flow, k = 1, u 0 (z) = c = 0, and
Thus, the wave speed of the outward propagating wave in the absence of a shear flow is equal to 1 and F = −1+(u 0 −c)(k cos θ−k sin θ). The function k(θ) satisfies the generalised Burns condition (Johnson 1990 ):
which now can be obtained directly by substituting the modal function into the normalisation condition φ = 1 at z = 1. The generalised Burns condition (2.56) constitutes a nonlinear first -order differential equation for the function k(θ). The function relevant to the ring wave is provided by the singular solution (envelope of the general solution) of this equation (Johnson 1990 ):
(2.59)
Differentiating the generalised Burns condition, we obtain:
Since k + k 0 on the singular solution, we have
Thus, the amplitude equation reduces to the form of the 1+1 -dimensional cKdV-type equation (i.e. µ 5 = 0) for any shear flow, and not just for stationary and constant shear flows, as previously thought (Johnson 1990 (Johnson , 1997 .
Substituting the modal function (2.56) into the expressions for the remaining coefficients (2.51) -(2.54), the amplitude equation can be written as 60) and the expressions for the coefficients can be brought to the previously known form (Johnson 1990) 
,
We note that our formulae (2.51) -(2.54) do not involve multiple integrals. Let us now consider another reduction. If there is no shear flow, i.e. u 0 (z) = 0, the ring waves become concentric waves. Here, F = −s, k(θ) = 1, and k (θ) = 0. Then, the derived equation (2.50) again reduces to the form of the 1+1-dimensional cKdV-type equatioñ 
where φ = φ(z) is the modal function, satisfying the same equations as in Cartesian geometry:
This reduction agrees with the equation previously derived by Lipovskii (Lipovskii 1985) . Thus, in both cases the derived amplitude equation (2.50) correctly reduces to the previously derived models. Importantly, in both of these previously studied cases the coefficient µ 5 = 0. However, it is not equal to zero in the general case of the waves in a stratified fluid with a shear flow. Interestingly, Johnson has caught the 'ghost' of the additional term in his study of the surface waves on a shear flow. However, as we discussed earlier, the complicated formula for the coefficient µ 5 given by Johnson (Johnson 1990 ) will lead to a zero coefficient for any shear flow.
Two-layer example: dispersion relation and wavefronts
In order to clarify the general theory developed in the previous section and to illustrate the different effect of a shear flow on the wavefronts of surface and internal ring waves, here we discuss a simple piecewise-constant setting, frequently used in theoretical and laboratory studies of long internal and surface waves (see Figure 2) , for example (Long 1955; Weidman & Zakhem 1988; Choi & Camassa 1999; Ramirez et al. 2002; Choi 2006; Grue 2006; Barros & Choi 2009; Chumakova et al. 2009; Boonkasame & Milewski 2014; Alias et al. 2014; Arkhipov et al. 2014 ) and references therein. In these theoretical and laboratory studies, the model is often chosen to yield explicit formulae, but is regarded as a reasonable abstraction for a background flow with smooth density and shear profiles across the interface, in the long wave approximation. It is also necessary to note that this background flow is subject to Kelvin-Helmholtz instability arising as short waves, which are excluded in the long wave theory due to the large separation of scales.
Here, in non-dimensional form, both the density of the fluid and the shear flow are piecewise-constant functions (0 z 1):
where d is the thickness of the lower layer and H(z) is the Heaviside function.
Solution of the modal equations (2.29) -(2.31) in the two layers is given by the linear functions of z (φ 1 is the modal function in the upper layer and φ 2 is the modal function in the lower layer):
where Λ is a constant and the continuity of φ is satisfied, while the jump condition at the interface
with
s. This nonlinear first-order differential equation for the function k(θ) is further generalisation of both Burns and generalised
Burns conditions (Burns 1953; Johnson 1990 ). First, we find the wave speed s by letting U 1 = U 2 = 0, while k = 1. The dispersion relation takes the form
So the wave speed in the absence of the shear flow is given by
where the upper sign should be chosen for the faster surface mode, and the lower sign for the slower internal mode. For example, if ρ 1 = 1, ρ 2 = 1.2 and d = 0.5, we obtain s sur ≈ 0.98 and s int ≈ 0.21. When the shear flow is present, equation (3.2) constitutes a nonlinear first-order differential equation for the function k(θ). We have
and the upper / lower signs correspond to the internal / surface modes, respectively. The generalised Burns condition for the surface waves in a homogeneous fluid with this two-layer shear flow takes the form
and can be recovered from our more general equation (3.2) in the limit ρ 2 − ρ 1 → 0. If the density contrast is small, ρ 2 − ρ 1 ρ 1 , ρ 2 , one can obtain a simplified equation not only for the surface mode (see (3.4)), but also for the interfacial mode, by replacing the free surface condition (2.30) with the rigid lid approximation,
Then, the modal function φ in the two layers is found to be
where Λ is a constant, and the jump condition at z = d again provides the 'dispersion relation':
Remarkably, the required singular solution k(θ) of the differential equation (3.5) can be found explicitly, in the following form:
where (3.6)
The solution (3.6) can be verified directly, by substitution into the equation (3.5).
Let us note that equations asymptotically equivalent to both approximate equations (3.4) and (3.5) can be formally obtained from the full dispersion relation (3.2) if we first solve it as a quadratic equation with respect to k 2 + k 2 , see (3.3), and then Taylor expand √ ∆ in powers of the small parameter
The approximate equations (3.4) and (3.5) correspond to the lower and the upper signs in the above equation, respectively. The general solution of the equation (3.2) can be found in the form similar to the general solution of the generalised Burns condition (Johnson 1990 ), allowing us then to find the necessary singular solution relevant to the ring waves in a stratified fluid in parametric form:
Therefore,
The upper sign should be chosen in (3.7) for the interfacial mode and the lower sign for the surface mode, as previously discussed. Let us denote
Then the condition b 2 = Q − a 2 0 determines the domain of a ∈ [a min , a max ]. We require k(θ) to be positive everywhere to describe the outward propagating ring wave. Therefore, one needs to choose the interval [a min , a max ] containing a = 0, since a should take both positive and negative values (in particular, k(θ) should be positive both at θ = 0 and θ = π). Then,
Therefore, k(θ) can be written in the form
When there is no shear flow, aQ a − 2Q = −2Q < 0. Therefore, it is natural to assume that this inequality will continue to hold in the case of the relatively weak shear flow considered here, and check that it is satisfied once the solution is constructed. Also, in the particular case of the small density gradient, ρ 2 − ρ 1 ρ 1,2 , and d ∼ 0.5, this condition can be verified directly using the approximation (3.5) for the interfacial mode, which we do not discuss in detail here.
Thus, we assume that aQ a − 2Q < 0 in the interval [a min , a max ]. Then
and we let
Similarly, if θ ∈ (π, 2π), then
Thus, we obtained the required singular solution analytically, in parametric form. The functions k(a), θ(a) and k(θ) for both surface and interfacial ring waves are shown in Figures 3,4 and 5, respectively. As before, we let ρ 1 = 1, ρ 2 = 1.2 and d = 0.5, and consider several values of the strength of the shear flow. We also compare the approximate solution (3.6) for the internal waves with the exact solution 3.7 in Figure 6 , for the case when U 1 − U 2 = 0.1. We can see that the simpler approximate solution is rather close to the exact solution, with the advantage that the function k can be written explicitly as a function of θ.
Next, we note that to leading order, the waves propagate at the speed s/k(θ) in the direction θ. As discussed before, wavefronts are described by the equation rk(θ) =constant. In Figures 7 and 8 we show the wavefronts for the surface mode and interfacial mode of the equation (3.2), respectively, for ρ 1 = 1, ρ 2 = 1.2, d = 0.5 and several values of the strength of the shear flow.
We see that the shear flow has very different effect on the surface and internal ring waves: the surface ring waves shown in Figure 6 are elongated in the direction of the shear flow, while the interfacial ring waves shown in Figure 7 are squeezed in the direction of the flow. We also note that when the value of U 1 − U 2 is increased, there is a threshold after which the equation for k(θ) corresponding to interfacial waves does not have a solution, which indicates that the interfacial waves break as the shear increases.
To understand why this happens, we consider the behaviour of k(θ) around the angles θ = 0, π. Locally, in the area around the angles θ = 0, π, the ring waves can be treated (1) Surface mode: U 1 − U 2 = 0 (circles), U 1 − U 2 = 0.5 (plus signs), U 1 − U 2 = 1 (stars), and U 1 − U 2 = 1.5 (triangles). (2) Interfacial mode: U 1 − U 2 = 0 (circles), U 1 − U 2 = 0.1 (plus signs), U 1 − U 2 = 0.15 (stars), and U 1 − U 2 = 0.2 (triangles). (1) Surface mode: U 1 − U 2 = 0 (circles), U 1 − U 2 = 0.5 (plus signs), U 1 − U 2 = 1 (stars), and U 1 − U 2 = 1.5 (triangles). as plane waves over a shear flow (propagating along or opposite the flow). The modal equation is given by (Grimshaw 2001) :
In the two-layer case, the dispersion relation takes the form
Substituting the coefficients ρ 1 = 1, ρ 2 = 1.2, d = 0.5 into the general solution of this quadratic equation, one obtains the following formula for the wave speed C: (1) Surface mode: U 1 − U 2 = 0 (circles), U 1 − U 2 = 0.5 (plus signs), U 1 − U 2 = 1 (stars), and U 1 − U 2 = 1.5 (triangles). (2) Interfacial mode: Letting the Cartesian coordinate frame move at the speed U 2 , we now plot the four solutions for the wave speed C in Figure 9 . Here, the top and bottom curves show the speeds of surface waves, propagating along and opposite the shear flow, while the curves in between show the speeds of the slower moving internal waves. Both surface and internal waves can propagate when there is no shear flow (U 1 = 0.) When the strength of the shear flow is increased (U 1 > 0), the difference between the speeds of the surface waves along and opposite the flow increases, while a similar difference for the internal waves decreases. This indicates that the wavefronts of the surface waves become elongated in the direction of the flow, while the wavefronts of the internal waves are indeed squeezed in this direction. Moreover, the graph indicates that while internal waves break at a certain strength of the shear flow, they may propagate again when the shear flow is very strong. However, this should be investigated further within the Figure 7: Wavefronts of surface ring waves described by k(θ)r = 1 for U 1 − U 2 = 0 (circles), U 1 − U 2 = 0.5 (plus signs), U 1 − U 2 = 1 (stars), and U 1 − U 2 = 1.5 (triangles). Figure 8: Wavefronts of interfacial ring waves described by k(θ)r = 4 for U 1 − U 2 = 0 (circles), U 1 − U 2 = 0.1 (plus signs), U 1 − U 2 = 0.15 (stars), and U 1 − U 2 = 0.2 (triangles).
framework of the full equations of motion, which is beyond the scope of our current study.
The critical layer is a region in the neighbourhood of a line at which the local wave speed is equal to the shear flow speed, see (Freeman & Johnson 1970; Johnson 2012 ) and references therein. In this paper, we only consider a relatively weak shear flow, when the critical layer does not appear, which we justify next. The wavefront can be described as
The local wave speed in the direction
is given by
So the critical layer occurs when
which is equivalent to the condition
when the linear problem formulation fails. Note that F 2 = −s 0. We know that
where, without loss of generality, we assume that U 1 − U 2 > 0 and k + k" > 0 on the selected singular solution (k(θ) > 0). Then, F 1θ < 0 if θ ∈ (0, π) and F 1θ > 0 if θ ∈ (π, 2π), which implies that F 1 reaches its maximum value at θ = 0. Therefore, to avoid the appearance of critical layers, we require that
which yields the following constraint on the strength of the shear flow:
We note that k(0) depends on U 1 − U 2 . However, since s/k(θ) represents the local wave speed in the direction of θ, we know that s/k(0) s, implying that k(0) 1. Thus, we can replace the exact condition (3.9) with a simplified estimate:
Finally, substituting the modal function into the formulae (2.51) -(2.55), we obtain the coefficients of the derived 2 + 1-dimensional amplitude equation (2.50) for both surface and interfacial ring waves in this two-layer case. The coefficients of the surface ring waves are given by
where F 1 = −s + (U 1 − U 2 )(k cos θ − k sin θ), F 2 = −s,
and the function k(θ) is defined by the formula (3.7) (lower sign).
Discussion
In this paper, we developed an asymptotic theory describing the propagation of long linear and weakly -nonlinear ring waves in a stratified fluid over a shear flow. The theory is based on the existence of a suitable linear modal decomposition, which has more complicated structure than the known modal decomposition in Cartesian geometry, when waves propagate along or opposite the horizontal shear flow. In our problem formulation, the shear flow is horizontal, while the waves in the absence of the shear flow are concentric. Thus, there is a clash of geometries, and it is not clear a priory that there is any modal decomposition.
The developed linear formulation provides, in particular, a description of the distortion of the shape of the wavefronts of the ring waves by the shear flow, which has been illustrated by considering the classical setting of a two-layer fluid with a piecewiseconstant shear flow. The wavefronts of surface and interfacial ring waves were described in terms of two branches of the singular solution of the derived nonlinear first-order differential equation, constituting further generalisation of the well-known Burns and generalised Burns conditions (Burns 1953; Johnson 1990 ). Remarkably, the two branches of this singular solution could be described in parametric form, and an explicit analytical solution was developed for the wavefront of the interfacial mode in the case of the low density contrast. The constructed solutions have revealed the qualitatively different behaviour of the wavefronts of surface and interfacial waves propagating over the same shear flow. Indeed, while the wavefront of the surface ring wave is elongated in the direction of the flow, the wavefront of the interfacial wave is squeezed in this direction.
The derived 2 + 1 -dimensional cylindrical Korteweg -de Vries type equation consti-tutes generalisation of the previously derived 1+1 -dimensional equation for the surface waves in a homogeneous fluid over a shear flow (Johnson 1990 ) and internal waves in a stratified fluid in the absence of a shear flow (Lipovskii 1985) . Strictly speaking, Johnson has derived a 2 + 1 -dimensional model (Johnson 1990 ), but as a by-product of our study we have shown that the complicated formula for one of the coefficients of his equation will yield zero coefficient for any shear flow, which then reduces the equation to a 1 + 1 -dimensional model. Finally, for the case of the two-layer model we also derived a constraint on the strength of the shear flow, which guarantees that there are no critical layers, and obtained explicit expressions for the coefficients of the derived amplitude equation in terms of the physical and geometrical parameters of the model, which provides a fully developed asymptotic theory for this case. Further work will include numerical and analytical studies of the long weakly -nonlinear ring waves using the derived equation.
